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Transport coefficients for dense metal plasmas

Sandra Kuhlbrodt and Ronald Redmer
Universität Rostock, Fachbereich Physik, D-18051 Rostock, Germany

~Received 16 May 2000!

Thermoelectric transport coefficients of metal plasmas are calculated within the linear response theory
applied previously to determine the electrical conductivity of Al and Cu plasmas@R. Redmer, Phys. Rev. E59,
1073 ~1999!#. We consider temperatures of 1–3 eV and densities of 0.001–1 g/cm3 as relevant in rapid wire
evaporation experiments. The plasma composition is calculated considering higher ionization stages of atoms
up to 51, and solving the respective system of coupled mass action laws. Interactions between charged
particles are treated onT matrix level. Results for the electrical conductivity of various metal plasmas are in
reasonable agreement with experimental data. Thermal conductivity and thermopower are also given. In addi-
tion, we compare with experimental data for temperatures up to 25 eV and liquidlike densities.

PACS number~s!: 52.25.Fi, 52.25.Jm, 05.60.2k, 51.10.1y
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I. INTRODUCTION

Transport coefficients are used to characterize the sta
a plasma. For instance, varying density and temperat
metal-nonmetal transitions may occur in dense hydrogen@1#
or expanded fluid metals@2# which can be observed via elec
trical conductivity. The energy balance of astrophysical o
jects depends strongly on the thermal conductivity, wh
has to be known for a large domain of densities and temp
tures for stellar or planetary matter@3#. The efficiency of
pulsed power machines designed to produce inertial confi
ment fusion plasmas@4# is mainly determined by the electr
cal conductivity of the exploding wire array and the therm
conductivity of the plasma. The reflectivity of plasmas ge
erated by irradiation of ultrashort laser pulses on solid s
faces is governed by the optical conductivity@5#.

Various methods of many-particle theory were applied
generalize the standard Spitzer theory@6#, and to calculate
transport coefficients for strongly coupled plasmas. Based
the Ziman formula@7#, self-consistent calculations for th
frequency and wave vector dependent dielectric function
the structure factors of fully ionized plasma were perform
@8–10#, or electron-ion pseudopotentials and ion-ion stru
ture factors were determined@11#. Density functional theory
was applied to calculate the conductivity from the wea
isolated-scatterer limit up to that of strong multiple scatter
self-consistently with the equation of state@12#. Standard
kinetic theory was also used to calculate the transport c
ficients of strongly coupled plasmas@13,14#.

In a previous paper@15# ~hereafter denoted as I!, we cal-
culated the electrical conductivity of dense Al and Cu pl
mas, applying linear response theory in the formulation
Zubarev@16#. This method allows one to evaluate the the
moelectric transport coefficients of electrical conductivi
thermal conductivity, and thermopower for arbitrary dege
eracy, and reproduces the well-known Spitzer results
nondegenerate, weakly coupled plasmas as well as the Z
theory for degenerate, strongly coupled plasmas@17,18#. Par-
tial ionization of the plasma can be treated as well. T
plasma composition was determined in I by considering i
ization stages up to 31, and solving the corresponding ma
action laws. Scattering mechanisms between particles~elec-
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trons, various ion species, atoms! were treated on aT matrix
level. Reasonable agreement with electrical conductivi
derived from experiments in which Al and Cu wires we
evaporated rapidly from a solid state density%0 down to
0.0013%0, by increasing the temperature from room tem
perature to about 1–3 eV@19,20#, was achieved. In particu
lar, the minimum of the electrical conductivity as a functio
of mass density observed experimentally for low tempe
tures can be explained by partial ionization.

New conductivity experiments were recently performed
the same parameter domain by DeSilva and Katsouros u
Fe, Ni, and W wires@21#, and by Haun and Kunze for Zn
@22# and C@23#. Aluminum plasmas at much higher temper
tures up to about 25 eV were generated in a tamped exp
ing wire z pinch @24#. Electrical conductivity in the solid,
liquid, and plasma state was inferred from reflectivity me
surements of thin aluminum layers embedded in a las
heated target@25#. These data indicate a metal-insulator tra
sition in the warm, expanded fluid around 0.5 eV a
1.7 g/cm3. However, new first-principles calculations sho
no evidence of such a transition@26#.

It is the aim of the present paper~i! to generalize the
method outlined in I, so that thermal conductivity and the
mopower of dense metal plasmas can be determined in
dition to the electrical conductivity;~ii ! to calculate these
transport coefficients for Al, Fe, Ni, Cu, Zn, and W plasm
and ~iii ! to compare with experimental data@20,21,23#. In
addition, we study the high-temperature and high-density
havior of the electrical conductivity. Therefore, we consid
a maximum ionization stage of 51 instead of 31 to deter-
mine the composition of the plasma and compare with
experimental data of Benageet al. @24#.

This paper is organized as follows. The equation of st
and plasma composition are calculated in Sec. II. We su
marize the linear response theory for the transport coe
cients in Sec. III, and demonstrate its capacity by compar
with electrical conductivities derived from the famous shoc
wave experiments of Ivanovet al. for Ar and Xe @27#. Re-
sults for the transport coefficients of metal plasmas are gi
in Sec. IV for temperatures of 1–3 eV and for densities up
1 g/cm3. In Sec. V, we apply the present theory to Al plasm
for temperatures up to about 25 eV, and study the hi
7191 ©2000 The American Physical Society
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TABLE I. Parameters for the evaluation of the coupled mass action laws according to Eq.~4!, and atomic
weight for the materials under consideration@28#.

Al Fe Ni Cu Zn W Ar Xe

Z 13 26 28 29 30 74 18 54
Eion

(1) in eV 5.986 7.87 7.635 7.726 9.394 7.98 15.76 12.13
Eion

(2) in eV 18.829 16.18 18.168 20.293 17.964 17.81 27.629 21.2
Eion

(3) in eV 28.448 30.651 35.17 36.841 39.772 24.1 40.74 32.1
Eion

(4) in eV 119.99 54.8 54.9 55.2 59.4 35.4 59.81
Eion

(5) in eV 153.71 75 75.5 79.9 82.6 48.0 75.02
aD in aB

3 56.28 56.686 45.889 41.165 47.913 74.906 11.075 27.9
r 0 in aB 1.861 1.759 1.658 1.609 1.666 1.728 1.206 1.38
atomic weight inu 26.982 55.847 58.70 63.546 65.38 183.5 39.948 131.2
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density limit. In both Secs. IV and V, we compare with e
perimental data and give a short comparision with other t
oretical approaches@9,11,14,29#. Conclusions and an outloo
are given in Sec. VI.

II. PLASMA COMPOSITION

Dense metal plasmas consist of electrons, atoms, and
ous ion species Mk1. In paper I we considered ions up t
k53, which is sufficient for temperatures of about 30 000
In order to treat higher temperatures up to 280 000 K,
generalized the model, and now consider a maximum cha
state ofk55. The free electron densityne and the total ion
densityni are then given by

ne5 (
k51

5

knk , ni5 (
k51

5

nk , ~1!

wherenk is the partial density of thek-fold ionized species
Mk1. Besides the charged components, neutral atomsM0

also may occur, especially for low temperatures, so tha
partially ionized plasma~PIP! model applies.

The composition of such a multicomponent plasma is
termined by the reactions between the various species,
ionization processes up toM51:

M (k21)1
Mk11e ~k51 . . . 5!. ~2!

The partial densities are derived from respective conditi
of chemical equilibrium,

mk215mk1me1Eion
(k) ~k51 . . . 5!. ~3!

The energies necessary for the excitation of the differ
ionization statesMk1 are denoted byEion

(k) and are given for
the metals Al, Fe, Ni, Cu, Zn, and W in Table I. Paramet
for Ar and Xe are shown in addition because we also ap
our approach to the conditions reached in the shock-w
experiments of Ivanovet al. @27#. Following the method out-
lined in paper I, a system of coupled mass action laws
derived which determines the plasma composition for giv
temperatures and total mass densities according to

nk215
gk21nk

gk
exp@b ~me

id1Eion
(k)1Dmk!#. ~4!
-

ri-

.
e
ge

a

-
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s

t

s
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e
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n

b51/(kBT) is the inverse temperature, andgk the spin factor
of the ion. For metals with an odd atomic number, we ha
g052, g151, g252, g351, . . . , whereas for an even
atomic numberg051, g152, g251, g352, . . . holds.

Accounting for an arbitrary degeneracy of the electro
the ideal part of the chemical potential is determined
Fermi integrals of order 1/2,

F1/2~bme
id!5

neLe
3

2
, ~5!

whereLe
252pb\2/me is the thermal wavelength.

The quantitiesDmk5mk
int2mk21

int 1me
int are given by the

interaction contributions to the chemical potentials, and yi
a shift of the chemical equilibria compared with the ide
Saha equations. They can be interpreted as a lowering o
respective ionization energiesEion

(k) with increasing density,
which leads to pressure ionization.

For contributions due to charged particle interactions,
ficient Pade´ formulas were derived for fully ionized, two
component electron-ion plasmas that are applicable in a la
domain of the density-temperature plane@30#. For the gener-
alized case of a multicomponent plasma with various ioni
tion states, similar expressions were given by Fo¨rster and
co-worker@29,31#.

In the case of partial ionization, a polarization contrib
tion arises due to the interaction between electrons and
tral atoms. This term is usually parametrized as a lineari
virial coefficient with respect to a screened polarization p
tential @32#; for details, see I.

The plasma composition is characterized by

ae5ne /~n01ni !, ak5nk /~n01ni !. ~6!

The ionization degreeae is the average number of free ele
trons generated per heavy particle, whileak denotes the rela-
tive fraction of the ion speciesMk1 with respect to the tota
number of heavy particles. We show the results for the co
position of Al plasma as a function of density for a consta
temperature of 20 000 K in Fig. 1, and as a function of te
perature for a constant density of 0.2 g/cm3 in Fig. 2, respec-
tively.

While Al11 and Al21 ions dominate at lower densities
neutral atoms occur with increasing density, and the ioni
tion degreeae decreases. Approaching solid state dens
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Al31 ions become important because of pressure ionizat
and the ionization degree increases rapidly toward a valu
3; see Fig. 1. The minimum of the ionization degree is
cated at about 0.1 g/cm3. No ions with a higher charge tha
31 occur at relatively low temperatures of 1–3 eV; they a
excited for temperatures above 10 eV~see Fig. 2!. The com-
position of the other metals shows a similar behavior.

Electrical and thermal current are proportional to t
number of free electronsne . We show this quantity as a
function of mass density in Fig. 3 for all metals in the case
a constant temperature of 20 000 K. Especially at low de
ties ne

Fe'ne
Ni'ne

Cu'ne
Zn because of the similar atomic prop

erties; compare Table I. Aluminum despite a similar ioniz
tion degreeae , has a higher free electron densityne at the
same mass density than these metals because of the
atomic weight. For tungsten we find the opposite behav
because of the higher atomic weight.

Disregarding the influence of collisions, we can exp
aluminum to have the best electrical and thermal conduc
ity of these metals at a given mass density and tempera
for that reason. The behavior of the transport properties
iron, nickel, copper, and zinc should be very similar. Tun

FIG. 1. Composition of Al plasma at 20 000 K according to E
~6!. The upper panel shows the ionization degreeae as function of
mass density, and the lower panel the relative fractionak of Al k1

ions for the same densities.

FIG. 2. Composition of Al plasma as a function of temperatu
for 0.2 g/cm3.
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sten is expected to be the metal with the poorest electr
and thermal conductivity at a given mass density. The f
electron density of aluminum increases more rapidly at h
densities compared with the other metals, which is relate
an earlier onset of pressure ionization.

III. TRANSPORT COEFFICIENTS

A. General expressions

The electrical conductivitys, the thermopowerk, and
the thermal conductivityl are well known for nondegener
ate, low-density plasmas where the Spitzer theory@6# ap-
plies. For strongly coupled, degenerate systems such as
metals, the Ziman theory is applicable@7#; the electrical con-
ductivity is given by the Ziman formula, the thermal condu
tivity by the Wiedemann-Franz relation, and the the
mopower by the Mott formula.

A general approach to the thermoelectric transport pr
erties of Coulomb systems valid for arbitrary degeneracy w
derived within linear response theory in the formulation
Zubarev@16#. Applying this correlation function method, th
Onsager coefficientsLik , that are connected to the transpo
coefficientss, k, andl via

s5e2L11,

k5
1

eT

L12

L11
, ~7!

l5
1

T S L222
L12L21

L11
D ,

can be given in the standard determinant representa
@17,18,33#.

Lik52
~2h! i 1k22

V0 uDu U 0
k21

bh
Q12Q0

i 21

bh
N12N0 D

U ,

Qm5~Qm0 Qm1 . . . QmL!, ~8!

.

FIG. 3. Free electron density vs mass density for various me
at 20 000 K.
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Nm5S N0m

N1m

A

NLm

D , D5S D00 D01 . . . D0L

D10 D11 . . . D1L

A A � A

DL0 DL1 . . . DLL

D .

h5 5
2 kBT denotes the enthalpy per particle. The elements

the determinants are equilibrium correlation functions,

Qnm5Nnm1
1

me
^Pn~«!;Ṗm&,

Nnm5
1

me
~Pn ,Pm!,

~9!
Dnm5^Ṗn~«!;Ṗm&,

Ṗn5
i

\
@HS,Pn#,

defined by Kubo scalar products and their Laplace tra
forms:

~A,B!5E
0

b

dt Tr$%0A~2 i\t!B%,

^A~«!;B&5 lim
«→0

E
2`

0

dt e«t
„A~ t !,B…, ~10!

A~ t !5eiH St/\ A~0!e2 iH St/\,

%05
1

Z0
expS 2bHS1b(

d
mdNdD .

The system HamiltonianHS contains the kinetic energy o
electrons,Ee(k)5\2k2/(2me), and their interactions with
other electrons, atoms, and ions of speciesd5$11,
21, . . . ,51% via the potentialV(q) according to

HS5(
k

Ee~k!ae
†~k!ae~k!1 (

p,k,q
Vee~q! ae

†~k1q!

3ae
†~p2q!ae~p!ae~k!1(

d
(
p,k,q

Ved~q!

3ae
†~k1q!ad

†~p2q!ad~p!ae~k!. ~11!

Nd andNi are the numbers of ionsd and the total number o
ions, respectively.

The generalized momentsPn of the electron system,

Pn5(
k

\k@bEe~k!#nae
†~k!ae~k!, ~12!

are a set of relevant observables which characterize the
equilibrium state. The terms of lowest order are related to
total electron momentum (P0) and the ideal part of the elec
tronic heat current (P1). They are connected with the micro
scopic expressions for the electrical current density and
electronic heat current density, respectively. A set of th
f

s-

n-
e

e
e

moments$n%5$0,1,2%, i.e., L52, is sufficient to determine
the transport coefficients within 1.5% accuracy@33#, see Sec.
III C.

B. Evaluation of the correlation functions

Neglecting the termŝPn(«);Ṗm& which are related to the
Debye-Onsager relaxation effect, we haveQnm5Nnm in Eq.
~9!. The generalized particle numbersNnm are given by
Fermi integralsFn(x),

Nnm5Ne

G~n1m15/2!

G~5/2!

Fn1m11/2~bme
id!

F1/2~bme
id!

, ~13!

that are evaluated for given densities and temperatures.
The force-force correlation functionsDnm in Eq. ~9! can

be separated with respect to electron-electron, electron-
and electron-atom scattering@17,18,34#:

Dnm5Dnm
ee 1Dnm

ei 1Dnm
ea . ~14!

These terms can be evaluated within different approxim
tions, related to the Landau, Lenard-Balescu, and Boltzm
collision integrals known from kinetic theory; see Ref.@18#.
We will give results for the correlation functions within th
Born andT matrix approximations.

The contributionsDnm
ec with c5e,i ,a are related to trans

port cross sectionsQT
ec , as shown for hydrogen plasma@17#.

The electron-electron term reads

Dnm
ee 5

4

3
A2me

pb
neNeE

0

`

dxx3Rnm~x!QT
ee~x!exp~2x!,

~15!

where x5b\2k2/me . The polynomialsRnm can be found,
for example, in Ref.@18#.

The interaction of electrons with atoms and the differe
species of ions is presented by

Dnm
ed 5

2\

3p2
NdE

0

`

dkk3@bEe~k!#n1m11

3 f e~k!@12 f e~k!#QT
ed~k!, ~16!

with d5$a,11,12,13,14,15%. The total electron-ion
contributionDnm

ei represents the weighted sum of the sing
contributionsDnm

ek :

Dnm
ei 5U(

k

Nk

Ni
ADnm

ek U2

. ~17!

Ne , Ni , andNa are the electron, total ion, and atom partic
numbers;Nk is the number of ions with chargek1.

In the T matrix approximation, electron-ion and electro
electron transport cross sections are given by scatte
phase shiftsd l within a partial wave expansion with respe
to angular momentuml according to

QT
ek~k!5

4p

k2 (
l 50

`

~ l 11!sin2@d l
ed~k!2d l 11

ed ~k!#, ~18!
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QT
ee~k!5

4p

k2 (
l 50

`
~ l 11!~ l 12!

2l 13 S 12
~21! l

2 D
3sin2@d l

ee~k!2d l 12
ee ~k!#.

The scattering phase shifts are determined by a nume
solution of the Schro¨dinger equation with respect to the D
bye potential,

Ved
D ~r !52

Zde2

4p«0r
exp~2kr !, ~19!

where Zd5$21,11,12, . . . ,15% is the charge of specie
d5e,i .

The electron-atom correlation function is evaluated in
Born approximation with respect to a polarization poten
@32#,

Vea
PP~r !52

e2aD

2~4p«0!2~r 21r 0
2!2

, ~20!

where the dipole polarizabilityaD and the cutoff radiusr 0
4

5aDaB/2Z1/3 @35# are given in Table I for the materials un
der consideration. The inverse screening lengthk is defined
for arbitrary degeneracy by Fermi integrals of order21/2
according to

k25
be2

«0

2

Le
3

F21/2~bme
id!, ~21!

reproducing the Debye screening length in the classical l
and the Thomas-Fermi screening length in the degene
domain.

C. Model calculations

In order to demonstrate the convergence of the pre
linear response method, to study the influence of electr
electron scattering, and to verify the validity region of t
Born approximation, we have performed model calculatio
for fully ionized hydrogen plasma as a reference syste
There we can neglect the influence of neutral atoms an
higher charged ions. The electron-electron and electr
proton correlation functions@Eq. ~15! and ~17!# were calcu-
lated on aT matrix level; see Eq.~18!.

Figure 4 shows the electrical conductivity as a function
electron density for a temperature of 10 000 K. A fast co
vergence of the presented method with respect to a sys
atic extension of the set of relevant observables$Pn% @Eq.
~12!# can be seen. The use of three moments$P0 ,P1 ,P2% is
sufficient in all cases; these results are identical to the t
moment ones in this presentation. With increasing dens
even fewer moments are needed to reach convergence
instance, a one-moment approximation~taking only P0) is
applicable above 331021 cm23.

The Spitzer curve is reproduced in the low-density lim
evaluating the correlation functionsDnm on aT matrix level
~see Refs.@18,36#!, and we obtain
al

e
l

it
te

nt
n-

s
.

of
n-

f
-
m-

-
y,
For

,

sSp5
0.591

0.5ln~1.5G23!

~4p«0!2~kBT!3/2

e2me
1/2

. ~22!

G5e2/(4p«0kBTd) is the coupling parameter with the mea
distance between ionsd5@3/(4pne)#1/3.

Electron-electron scattering is neglected in the Lore
plasma model. The respective conductivity is too high b
factor of about 1.7 in the low-density limit. The Spitze
curve for the Lorentz plasma is also shown. The influence
electron-electron scattering is reduced with increasing d
sity, and vanishes for densities above 1021 cm23.

The evaluation of correlation functions~15! and ~17!
within the T matrix approximation is important for lowe
densities where strong collisions have to be treated. On
other hand, theT matrix results merge into the Born approx
mation with respect to the Debye potential@Eq. ~19!# in the
high-density limit. There, strong screening effects lead t
weak interaction potential, so that the Born approximat
becomes valid. Thus the well-known Ziman formula for t
electrical conductivity,

sZi
215

V0me
2Ni

12p2\3e2ne
2E0

`

dq q3 f ~q/2! Sii~q! Uwei~q!

«~q!
U2

,

~23!

can be derived in the present approach in the high-den
limit within a one-moment solution of Eqs.~8!, and evaluat-
ing electron-ion correlation function~17! in the Born ap-
proximation; see Ref.@37#.

Instead of the Debye potential, a weak electron-ion ps
dopotentialwei(q), which is screened by the dielectric func
tion «(q) has to be used for metal plasmas, including t
static ion-ion structure factorSii (q). f (q/2) is the Fermi-
Dirac distribution function. We conclude that the present a
proach to the transport coefficients is applicable for arbitr

FIG. 4. Electrical conductivity of fully ionized hydrogen plasm
as function of electron density for 10 000 K within theT matrix
approximation~TM! using one, two, and three moments$Pn%. For
comparison, the conductivity for the Lorentz plasma model negle
ing electron-electron scattering, the Spitzer curves including
neglecting electron-electron scattering, and the Born approxima
~BA! using only one moment$P0% for the Lorentz plasma model
are shown.
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degeneracy, interpolating between the Spitzer and Zim
theory for the low- and high-density limits; for details, s
Refs.@17,18#.

IV. RESULTS FOR THE ELECTRICAL CONDUCTIVITY

A. Rare gases

In order to check our approach, we first calculate the e
trical conductivity for conditions reached in the famo
shock wave experiments of Ivanovet al. @27#. They deter-
mined the Coulomb part of the measured conductivities
correcting the influence of the neutral particles~ionization
degree, electron-atom transport cross sections!. Therefore,
we have taken their plasma parameters as input, derived
composition within the PIP model, and neglected electr
atom scattering. We compare these results as a functio
coupling parameterG in Figs. 5 and 6, respectively.

A comparison between theoretical and experimental c
ductivities is always sensitive with respect to the equation
state data~density, temperature!, which also affect the Cou
lomb logarithm via the ionization equilibrium; also se
Rogers, DeWitt, and Boercker@13#. Keeping in mind both
possible systematic and experimental errors in tempera
and density measurements, the agreement between the d

FIG. 5. Electrical conductivity of Xe plasma vs coupling para
eter G. Theoretical curves for three typical temperatures are co
pared with experimental points@27#.

FIG. 6. Same as Fig. 5, but for Ar plasma.
n

c-

y

he
-
of

-
f

re
ta is

good, especially for xenon. For argon, the theoretical cur
are consistently higher than the experimental points.

B. Metal plasmas

DeSilva and Katsouros measured the electrical conduc
ity of aluminum, iron, nickel, copper, and tungsten via rap
wire vaporization in a water bath@19,21#. Kunze and co-
workers performed similar experiments for aluminum@20#,
zinc @22#, and carbon@23#. The same technique was used
measure conductivities in liquid zinc and tungsten close
the critical point@38#, i.e., at lower temperatures as consi
ered here. While in the shock wave experiments@27# maxi-
mum coupling parameters ofG<1.5 have been reached, th
rapid wire evaporation technique is capable of produc
strongly coupled plasmas up toG'200.

Experimental data of DeSilva and Katsouros are co
pared in Figs. 7–11 with the present theoretical results
three typical plasma temperatures of 10 000, 20 000,
30 000 K. For all metals, the electrical conductivity a
proaches the Spitzer values at low densities, passes throu
minimum for T<104 K around%'0.1 g/cm3, and shows a
subsequent sharp increase which is a direct result of the

-
FIG. 7. Electrical conductivity of aluminum plasma. Theoretic

results for 10 000 K~solid line!, 20 000 K~dashed line!, and 30 000
K ~dot-dashed line! are compared with experimental points
DeSilva and Katsouros~DK! @19# and Krisch and Kunze~KK ! @20#.

FIG. 8. Same as Fig. 7, but for iron with experimental points
DeSilva and Katsouros@21#.



ex
lo
e
r

ion
i
u

is

he

i
a
o
in

e

nce

sis-
co-
ally
at-
s; a
ard
tate
n-

as
0

r
we

lu-
ry
This
ity,

ity
ec-

tal

e-
ints

nts

int
d

PRE 62 7197TRANSPORT COEFFICIENTS FOR DENSE METAL PLASMAS
creasing ionization degree; see Fig. 1.
The minimum behavior at low temperatures can be

plained by the occurrence of neutral atoms. Starting at
densities, the relative fraction of free electrons is reduc
and their mobility decreases due to additional scattering p
cesses at atoms. At high densities, the lowering of the
ization energies inverts this trend, and leads to a drastic
crease of the ionization state which is known as press
ionization. This typical behavior can be interpreted as
nonmetal-to-metal transition. Taking the Mott criterion@39#
for the minimum metallic conductivity atT50 K and smin
'104 (V m)21, for finite temperatures, in order to locate th
electronic transition, a critical density of about%cr
'0.5 g/cm3 is also found for all metals considered here.

Although the concepts applied for calculations of t
plasma composition~coupled mass action laws! and the in-
teractions between charged particles~Debye potential! are
relatively simple, we can state a good overall agreement w
the experimental data. Note that the results for copper h
changed compared to I because we have removed an err
scaling the mass density. Using the Born approximation
stead of theT matrix approximation for evaluating th

FIG. 9. Same as Fig. 7, but for nickel with experimental poi
of DeSilva and Katsouros@21#.

FIG. 10. Same as Fig. 7, but for copper with experimental po
of DeSilva and Katsouros@19#. Note that the curves have change
compared to paper I.
-
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re
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th
ve
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-

electron-atom transport cross section has almost no influe
on the results.

Comparison with experimental data for zinc@23# is per-
formed in Fig. 12. The measured conductivities are con
tently higher than the theoretical ones. Kunze and
workers determined the temperature spectroscopic
instead of using equation of state data like DeSilva and K
souros. This may be the source of systematic deviation
more refined comparison of experimental data and stand
equations of state is needed. However, we can again s
agreement with trends of the conductivity as function of de
sity and temperature, as found experimentally.

In paper I, a comparison with other theoretical results w
shown for the electrical conductivity of aluminum at 10 00
and 20 000 K~Figs. 8 and 9!. If we compare the results fo
the other metals with the same theoretical approaches,
obtain a similar behavior: The theory of Lee and More@14#
is based on the relaxation time approximation for the so
tion of a Boltzmann transport equation valid for arbitra
degeneracy, but neglects electron-electron scattering.
theory yields an upper estimate for the plasma conductiv
and lies above our results. Rinker’s theory@11# is based on
the Ziman formula, which is applicable in the high-dens
region; see Fig. 4. The ion-ion structure factor and the eff

FIG. 11. Same as Fig. 7, but for tungsten with experimen
points of DeSilva and Katsouros@21#.

FIG. 12. Electrical conductivity of zinc plasma. Theoretical r
sults for three temperatures are compared with experimental po
of Haun and Kunze~HK! @22#.
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7198 PRE 62SANDRA KUHLBRODT AND RONALD REDMER
tive electron-ion potential are determined self-consisten
for various materials. This theory gives a lower estimate
the conductivity in the expanded fluid domain, as conside
here. For increasing temperatures, the agreement betwee
different theories is improving especially with theoretic
data based on a fully ionized plasma@9,29#.

V. THERMAL CONDUCTIVITY OF METAL PLASMAS

In Fig. 13 we show the thermal conductivityl of copper
plasma as an example. The behavior is very similar to tha
the electrical conductivity. The Spitzer value is recovered
the low-density limit. For low temperaturesT<10 000 K,
the thermal conductivity passes through a minimum with
creasing density, and rises according to the Wiedema
Franz relation at higher densities. The Lorentz numberL,
defined by

l5LsT S kB

e D 2

, ~24!

varies between 1.6 and 3.29 from the low- to high-dens
regions of a hydrogen plasma; see Ref.@18#. The metal plas-
mas follow this trend in the density region considered he
The thermal conductivity of the various metals is shown
Fig. 14 for a typical temperature of 20 000 K. As expecte

FIG. 14. Thermal conductivity of various metals at 20 000 K.

FIG. 13. Thermal conductivity of copper plasma for vario
temperatures.
y
r
d
the

l

of
n

-
n-

y

.

,

the thermal conductivities of copper, nickel, and iron a
very similar in the low density limit due to similar atomi
properties; see Table I. The thermal conductivity of tungs
is lower, and the one of aluminum higher, than the one
copper, which is a result of the differences in the electr
density; see Fig. 3.

VI. THERMOPOWER OF METAL PLASMAS

The thermopowerk is a cross effect which describes th
relation between the electrical and thermal current. It is
fined as the electrical field strength created by a tempera
gradient in the system for zero electrical current. The th
mopower of metals is usually negative, characterized by
charge of the electrons.

In Fig. 15 we show the thermopower of copper plasma
various temperatures as an example. The behavior is
systematic. For lower temperatures the thermopower rea
higher values due to partial ionization, but is still negativ
The thermopower of the metals under consideration is sho
in Fig. 16 for 20 000 K. For low densities, a Spitzer value
20.06 mV/K is reached. For high densities, it tends to ze
according to the Mott formula.

The curve for aluminum rises very sharply for the highe
densities considered, tending to positive valuesk.0. This
interesting behavior is connected with the metal-to-nonm

FIG. 15. Thermopower of copper plasma for various tempe
tures.

FIG. 16. Thermopower of various metals at 20 000 K.
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transition, which has been obtained for the electrical cond
tivity; see Figs. 7–11.

Such a metal-to-nonmetal transition is observed when
panding fluid metals like mercury or the alkali metals th
mally from the melting point toward the critical point of th
liquid-vapor phase transition. The simultaneous occurre
of a thermodynamic phase transition and an electronic t
sition gives rise to peculiarities in the physical properties,
Ref. @40#. For instance, experiments for expanded fluid m
cury have shown that the thermopower can reach pos
values near a critical temperature ofTc51751 K, and that
the zero of the thermopower just coincides with the criti
density of the liquid-vapor phase transition at%c
55.80 g/cm3 @41#. Therefore, a tendency of the the
mopower toward positive values could be a hint for the
istence of a phase transition or, at least, for an electro
transition.

VII. ELECTRICAL CONDUCTIVITY FOR HIGH
TEMPERATURES AND DENSITIES

Benageet al. @24# measured the electrical conductivity o
aluminum in an exploding wirez pinch. In these experi-
ments, the initial density is about 3 g/cm3, and the initial
temperature about 10 000 K. The density decreases du
thermal expansion to about 831023 g/cm3, while the tem-
perature increases up to 280 000 K. Therefore, these ex
ments are suitable to study the behavior of our method in
high-density and high-temperature limit. TheT matrix ap-
proximation applied so far for the calculation of transp
cross sections for charged particle scattering is in g
agreement with the experimental data for temperatures ab
100 000 K and below densities of 0.6 g/cm3 ~see Fig. 17!.
The strong increase of the conductivity for lower tempe
tures and near-liquid-like densities cannot be reproduced
this density region the Debye potential becomes an inv
approximation for the interaction potential between charg

FIG. 17. Electrical conductivity of aluminum plasma as functi
of mass density. Filled circles represent experimental data
Benageet al. ~B! @24#; some temperatures are indicated. The co
ductivity is calculated at the same densities and temperaturesT
matrix approximation~TM! with respect to the Debye potential, an
in Born approximation~BA! with respect to the Ashcroft empty
core potential~see the text!. Theoretical results of Perrot an
Dharma-Wardana~PD! are also given~dotted line! @12#.
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particles. There a Born approximation with respect to a we
electron-ion pseudopotential should be applied; see Fig.

In order to give a rough estimate for the effect of such
weak electron-ion pseudopotential on the conductivities,
utilize the Ashcroft empty-core potential@42# with a cutoff
radiusRc51.79aB for the evaluation of Eq.~23!. This pa-
rameter is derived for thes-wave contribution (l 50) to the
self-consistent Troullier-Martins pseudopotential for so
aluminum used in band structure calculations@43#. The di-
electric function«(q) was treated in the random phase a
proximation, with local-field corrections given by Ichimar
and Utsumi@44#. For simplicity, the ion-ion structure facto
was neglected, i.e.,Sii (q)51. The evaluation of Eq.~23! on
this simplest level gives substantially higher conductivit
compared with theT matrix calculation, and the agreeme
with the experiments is incrementally improved for liqui
like densities.

The best agreement with the experimental data w
achieved within density functional theory by Perrot a
Dharma-Wardana@12#, where the equation of state,
density-dependent electron-ion pseudopotential, and the
ion structure factor are determined self-consistently. T
derivation of a density-dependent electron-ion poten
which changes from a weak pseudopotential at high dens
to a Debye-like potential for lower densities is needed. T
is the aim of future work.

VIII. CONCLUSIONS

In this paper we have determined the electrical and th
mal conductivity as well as the thermopower for aluminu
iron, nickel, copper, zinc, and tungsten plasmas within a p
tially ionized plasma model, originally developed for hydr
gen plasma@17#. We have considered a realistic plasma co
position. Interactions of free electrons with other electro
and the relevant ion species were treated on aT matrix level,
and electron-atom scattering in the Born approximation.

The agreement with available experimental data for
electrical conductivity@19,20,22# is reasonable. The genera
behavior of expanded metal plasmas as a function of den
and temperature can be understood within the present
model. In particular the metal-to-nonmetal transition in t
expanded, partially ionized vapor can be explained by
occurrence of neutral atoms. This was already shown
expanded metal fluids such as cesium at lower temperat
@37#. The minimum behavior of the electrical conductivit
as found experimentally for low temperatures, can be rep
duced.

Various improvements of the present approach are p
sible. For instance, the influence of non-Coulombic contrib
tions to the electron-ion potentials has to be studied us
self-consistent pseudopotentials rather than the Debye po
tial. A density-dependent electron-ion potential whi
changes from a weak pseudopotential at high densities
Debye-like potential for lower densities has to be used. F
thermore, higher charged states beyondk551 may have an
influence on the plasma properties at the highest dens
and temperatures considered here. There the equation of
has to be improved. For high densities, structure factor
fects and dynamic screening including local-field correctio
also become of importance. In conclusion, the aim of fut

of
-
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work is the calculation of transport coefficients not only
the expanded plasma domain, but also for plasmas near
above liquidlike densities.
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@34# F.E. Höhne, R. Redmer, G. Ro¨pke, and H. Wegener, Physic
A 128, 643 ~1984!.

@35# M.H. Mittleman and K.M. Watson, Phys. Rev.113, 198
~1959!.

@36# F. Sigeneger, S. Arndt, R. Redmer, M. Luft, D. Tamme, W.
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